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Abstract.  

In this paper, the problem of dynamics and stability of nonlinear vibrations of 

a rod with elastic dissipative characteristic of the hysteresis type in conjunction with 

a liquid section dynamic absorber under the influence of random parametric 

excitations is considered. In this case, the system of differential equations of motion 

is reduced to the form of a system of Ito equations using the method of stochastic 

averaging. From the condition that the system of motion differential equations has 

a non-zero solution, the system characteristic equation is formed, the stability 

conditions are obtained and analyzed. The boundaries of the stability and unstability 

are expressed analytically, which allows to determine the average quadratic values 

of the vibrations of the rod protected from vibrations and to fully analyze the 

dynamic nature. 

Introduction.  

Taking into account the hysteresis type elastic dissipative characteristics of 

mechanical systems under the influence of various excitations used in modern 

techniques and technologies, the problems of their protection from harmful 

vibrations, study of dynamics and verification of stability are urgent problems. A 

great deal of theoretical and experimental research has been done on the 

mathematical modeling, study of dynamics, and exploration of the stability of 

mechanical systems. However, there is a need to conduct research to improve 

research methods and identify new mechanical effects that occur in the process, 
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taking into account the elastic dissipative characteristics of hysteresis type of 

mechanical systems. 

The work [1] developed the theoretical basis for mathematical modeling of 

complex motions of deformable solids using the method of bond graph. The kinetic 

and potential energies of the system are expressed by the variables of the bond 

graphs (impulses and velocities), and as a result the Lagrange second-order 

equations are given relative to these variables. 

In the work [2], the vibrations of wind generators were mathematically 

modeled by the method of bond graph, and the advantages of this method are given. 

Vibration was used in a 20-sim program for numerical analysis of motion. The time-

dependent variation of the first and second vibrations forms was quantified. 

The work [3] deals with the problem of structural modeling of distributed 

systems with linear elastic characteristics by the method of bond graph. The 

equations of motion are expressed by first-order derivatives, and the stability of 

motion from the system matrix is explored. In this case, a characteristic equation is 

generated from the system matrix and the stability condition is determined by 

showing that the real part of the roots is negative. 

In the work [4], the motions of rods and structures under the influence of 

external forces were mathematically modeled using the method of bond graph. In 

the 20-sim program, they are structurally expressed and numerically analyzed for 

amplitude-frequency characteristics. The vibration frequency ranges corresponding 

to the largest amplitudes are shown. 

The article [5] explores the stability of the mean square value of systems under 

the influence of random parametric excitations using numerical methods. The Ito 

differential equation was generated by the stochastic averaging method, and it was 

shown that the results obtained for this averaged stability of system motion are also 

valid for a given stability of system motion. The analytical expression of stability 

condition of the system motion was determined depending on the damping 
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coefficient and the spectral density of the excitation. Quantitative analysis of 

changes in stable and unstable fields depending on the damping coefficient.  

In the work [6], the systems of differential equations of motion obtained by 

the method of averaging were analyzed. Not only the first approximation equations 

but also the second approximation equations were generated and the nonlinear 

vibrations of the systems were studied. Stationary solutions were found and their 

stability was explored. Solutions to some of the practical problems encountered in 

engineering have been obtained, numerically analyzed, and conclusions drawn. 

The work [7] studied nonlinear free and forced vibrations of discrete and 

continuous systems. The systems were mathematically modeled using the Lagrange 

equation and the vibrations under the influence of random excitations were analyzed. 

An analysis of the Duffing equation was also performed, and the graph of the 

amplitude-frequency characteristic change in the nature of the phenomenon with 

hardening and softening of the spring is visualized. Stable and unstable fields are 

shown. The analytical expression of the vibration period was determined depending 

on the system parameters. Theoretical information on the basic relationships of 

random processes is given. 

In the work [8], the stability of motion of nonlinear systems was theoretically 

studied in relation to changes in system parameters. Theorems on the separation of 

stable and unstable fields of system motion are given. The stability of motion of 

systems represented by a non-homogeneous differential equation with periodic 

coefficients of motion is analyzed. 

The work [9] solves the problem of finding and analyzing the solution of the 

Ito differential equation for Weiner process. The condition that the solution of the 

Ito differential equation does not change abruptly is defined for non-autonomous 

system parameters. 

In the work [10], the parametric stability of the motion of systems in real noisy 

excitations was studied. The Lyapunov exponent was identified and analyzed 

numerically (based on Maple15).  
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The work [11] studies the exponential stability of systems with hysteresis type 

connections under the influence of random excitations. The Ito differential equation 

was constructed using the stochastic averaging method and the Lyapunov method 

was used to explore the stability of motion. Several problems have been addressed 

in order to demonstrate the reliability of the results obtained. 

The work [12] provides the theoretical basis of the method of bond graph and 

mathematical modeling of discrete and distributed parametric systems. In particular, 

the transverse vibrations of dynamic absorber, a hysteresis type elastic dissipative 

characteristic rod are mathematically modeled. In addition, a number of models 

representing the nonlinearity characteristics of systems have also been 

mathematically modeled by the method of bond graph, which are expressed 

analytically. 

The analysis of the above work shows that one of the current problems of 

mechanics is the study of the dynamics and stability of transverse vibrations of a rod 

with elastic dissipative characteristics of the hysteresis type in conjunction with a 

liquid section dynamic absorber under the influence of random parametric 

excitations. Therefore, research in this area is currently required. 

Materials and methods.  

In this paper, the study of the dynamics and stability of transverse vibrations of the 

rod with an elastic dissipative characteristic of the hysteresis type in conjunction 

with liquid section dynamic absorber under the influence of random parametric 

excitations is considered. 

The differential equations of motion of the rod protected from vibrations 

under consideration were obtained in the work [13] using the method of bond graph 

[14]: 

𝐴𝑄̈ + 𝐵𝑄̇ + 𝐶𝑄 = 𝐹,                                               (1) 

where 

𝑄̈ = [

𝑞̈𝑖∗

𝑞̈3

𝑞̈4

] ; 𝑄̇ = [

𝑞̇𝑖∗

𝑞̇3

𝑞̇4

] ; 𝑄 = [

𝑞𝑖∗

𝑞3

𝑞4

] ;  𝐹 = [
𝑢𝑖(0)𝐹𝐿 + 𝑢𝑖(𝐿)𝐹𝑅

0
0

] ; 
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𝐴 = [

𝑚𝑖 0 0
(𝑚13 + 𝑚2∗)𝑢𝑖(𝑥1) 𝑚13 + 𝑚2∗ 𝑚2∗ + 𝑚𝑣

(𝑚2∗ − 𝑚𝑣)𝑢𝑖(𝑥1) 𝑚2∗ − 𝑚𝑣 𝑚2∗ + 𝑚4∗

] ;  

𝐵 = [

0 −𝑢𝑖(𝑥1)𝑏𝑓 0

0 𝑏𝑓 0

0 0 𝑏𝑆

] ;     𝐶 = [
𝑐𝑖 −𝑢𝑖(𝑥1)𝑐1∗ 0
0 𝑐1∗ 0
0 0 2𝑐2∗

] ; 

𝑞𝑖∗ are displacements of the i-point of the rod; 𝑞3 is displacement of the shell of the 

liquid section dynamic absorber surrounding the liquid; 𝑞4 is displacement of solid 

of liquid section dynamic absorber in the liquid; 𝑢𝑖(0), 𝑢𝑖(𝐿) and 𝑢𝑖(𝑥1) are the 

values of the mode shapes of the rod at the left, right ends and at the points where 

the liquid section dynamic absorber is installed, respectively; 𝐹𝐿 and 𝐹𝑅 are the 

external forces applied to the left and right ends of the rod, respectively; 𝑚𝑖 and 𝑐𝑖 

are modal mass and stiffness, respectively; 𝑚13 = 𝑚1∗ + 𝑚3∗; 𝑚1∗ is the inertial 

dimension of the body surrounding the liquid; 𝑚2∗ is the inertial dimension (mass) 

of the body surrounded by the liquid; 𝑚3∗ is the inertial dimension of the liquid; 𝑚4∗ 

is inertial dimension (mass) of a liquid attached to a body of mass 𝑚2∗; 𝑚𝑣 is the 

inertial dimension of the liquid displaced by the body surrounding the liquid; 𝑏𝑆, 𝑏𝑓 

are coefficients of viscosity; с1∗ and с2∗ are stiffnesses. 

It is known that parametric excitations differ from those in which mechanical 

systems are directly affected by force, since the law of vibrations includes external 

influences as a modulation of the parameter [15, 16]. Given this, we write the 

expressions of the forces acting on the system under consideration as follows: 

𝐹𝐿 = 𝐹𝑅 = 𝑚𝑖𝑊0 = −𝑚𝑖𝜔∗𝑚
2 𝜉0(𝑡)𝑞𝑖(𝑡),                              (2) 

where 𝑊0 is the base acceleration; 𝜔∗𝑚 are natural frequencies; 𝜉0(𝑡) represents a 

stationary normal random process and is dimensionless. 

Since 𝜉0(𝑡) is stationary normal random process, its mathematical expectation 

is zero, i.e. 〈𝜉0(𝑡)〉 = 0. 
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If we put the expression of forces (2) in the system of differential equations 

(1), the differential equations of motion of the rod protected from vibrations under 

the influence of random parametric excitations are as follows: 

𝐴𝑄̈ + 𝐵𝑄̇ + С∗𝑄 = 0,                                             (3) 

where 

С∗ = [
𝑐∗𝑖 + 𝑚𝑖𝜔∗𝑚

2 (𝑢𝑖(0) + 𝑢𝑖(𝐿))𝜉0(𝑡) −𝑢𝑖(𝑥1)𝑐1∗ 0
0 𝑐1∗ 0
0 0 2𝑐2∗

] ; 

𝑐∗𝑖 = 𝑐1𝑖 + 𝐽𝑐2𝑖; 𝑐1𝑖 and 𝑐2𝑖 are the statistical linearization coefficients [17]. 

We express the variables in the system of equations (3) as follows: 

𝑞𝑖∗ = 𝜎𝑖(𝑡)𝑒𝑗𝜔𝑡 + 𝜉𝑖(𝑡)𝑒−𝑗𝜔𝑡; 

𝑞3 = 𝜎3𝑎(𝑡)𝑒𝑗𝜔𝑡 + 𝜉3𝑎(𝑡)𝑒−𝑗𝜔𝑡;                                   (4) 

𝑞4 = 𝜎4𝑎(𝑡)𝑒𝑗𝜔𝑡 + 𝜉4𝑎(𝑡)𝑒−𝑗𝜔𝑡, 

where 𝜔 is frequency; 𝜎𝑖(𝑡), 𝜉𝑖(𝑡), 𝜎3𝑎(𝑡), 𝜉3𝑎(𝑡), 𝜎4𝑎(𝑡), 𝜉4𝑎(𝑡) are slowly varying 

functions, and the amplitude value of the random parametric excitations of the rod 

is satisfies 〈𝜁𝑖𝑎〉 = 2√〈𝜎𝑖(𝑡)〉〈𝜉𝑖(𝑡)〉 the condition [15]. 

 Given that 𝜎𝑖(𝑡), 𝜉𝑖(𝑡), 𝜎3𝑎(𝑡), 𝜉3𝑎(𝑡), 𝜎4𝑎(𝑡), 𝜉4𝑎(𝑡) are slowly varying 

functions, the first-order derivatives from solutions (4) are as follows: 

𝑞̇𝑖∗ = 𝑗𝜔(𝜎𝑖(𝑡)𝑒𝑗𝜔𝑡 − 𝜉𝑖(𝑡)𝑒−𝑗𝜔𝑡); 

𝑞̇3 = 𝑗𝜔(𝜎3𝑎(𝑡)𝑒𝑗𝜔𝑡 − 𝜉3𝑎(𝑡)𝑒−𝑗𝜔𝑡);                               (5) 

𝑞̇4 = 𝑗𝜔(𝜎4𝑎(𝑡)𝑒𝑗𝜔𝑡 − 𝜉4𝑎(𝑡)𝑒−𝑗𝜔𝑡). 

 If we put the variables (4) and their corresponding derivatives in the system 

of equations (3), we have the following first-order system of differential equations: 

𝜎̇𝑖 =
1

2𝑗𝑚𝑖𝜔
((𝑚𝑖𝜔2 − 𝑐𝑖)(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡) + (𝑐1 + 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)𝜎3𝑎

+ (𝑐1 − 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)𝜉3𝑎𝑒−2𝑗𝜔𝑡

+ 𝑚𝑖𝜔∗𝑚
2 (𝑢𝑖(0) + 𝑢𝑖(𝐿))𝜉0(𝑡)(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡)) ; 
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𝜉𝑖̇ = −
1

2𝑗𝑚𝑖𝜔
((𝑚𝑖𝜔2 − 𝑐𝑖)(𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝜉𝑖) + (𝑐1 + 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)𝜎3𝑎𝑒2𝑗𝜔𝑡

+ (𝑐1 − 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)𝜉3𝑎

+ 𝑚𝑖𝜔∗𝑚
2 (𝑢𝑖(0) + 𝑢𝑖(𝐿))𝜉0(𝑡)(𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝜉𝑖)) ; 

𝜎̇3𝑎 =
1

2𝑗Δ𝜔
(

Δ𝑢𝑖(𝑥1)𝑐𝑖

𝑚𝑖
(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡)

+ (Δ𝜔2 − (𝑐1 + 𝑗𝜔𝑏𝑓)(𝑀4 +
Δ𝑢𝑖

2(𝑥1)

𝑚𝑖
)) 𝜎3𝑎

+ (Δ𝜔2 − (𝑐1 − 𝑗𝜔𝑏𝑓)(𝑀4 +
Δ𝑢𝑖

2(𝑥1)

𝑚𝑖
)) 𝜉3𝑎𝑒−2𝑗𝜔𝑡

+ (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀2𝜎4𝑎 + (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀2𝜉4𝑎𝑒−2𝑗𝜔𝑡

− 𝑢𝑖(𝑥1)𝜔∗𝑚
2 Δ(𝑢𝑖(0) + 𝑢𝑖(𝐿))𝜉0(𝑡)(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡)) ; 

(6) 

𝜉3̇𝑎 = −
1

2𝑗Δ𝜔
(

Δ𝑢𝑖(𝑥1)𝑐𝑖

𝑚𝑖
(𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝜉𝑖)

+ (Δ𝜔2 − (𝑐1 + 𝑗𝜔𝑏𝑓)(𝑀4 +
Δ𝑢𝑖

2(𝑥1)

𝑚𝑖
)) 𝜎3𝑎𝑒2𝑗𝜔𝑡

+ (Δ𝜔2 − (𝑐1 − 𝑗𝜔𝑏𝑓)(𝑀4 +
Δ𝑢𝑖

2(𝑥1)

𝑚𝑖
)) 𝜉3𝑎

+ (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀2𝜎4𝑎𝑒2𝑗𝜔𝑡 + (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀2𝜉4𝑎

− 𝑢𝑖(𝑥1)𝜔∗𝑚
2 Δ(𝑢𝑖(0) + 𝑢𝑖(𝐿))𝜉0(𝑡)(𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝜉𝑖)) ; 

𝜎̇4𝑎 =
1

2𝑗Δ𝜔
((Δ𝜔2 − (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀1)𝜎4𝑎

+ (Δ𝜔2 − (2𝑐2 − 𝑗𝜔𝑏𝑠)𝑀1)𝜉4𝑎𝑒−2𝑗𝜔𝑡 + (𝑐1 + 𝑗𝜔𝑏𝑓)𝑀3𝜎3𝑎

+ (𝑐1 − 𝑗𝜔𝑏𝑓)𝑀3𝜉3𝑎𝑒−2𝑗𝜔𝑡) ; 
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𝜉4̇𝑎 = −
1

2𝑗Δ𝜔
((Δ𝜔2 − (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀1)𝜎4𝑎𝑒2𝑗𝜔𝑡

+ (Δ𝜔2 − (2𝑐2 − 𝑗𝜔𝑏𝑠)𝑀1)𝜉4𝑎 + (𝑐1 + 𝑗𝜔𝑏𝑓)𝑀3𝜎3𝑎𝑒2𝑗𝜔𝑡

+ (𝑐1 − 𝑗𝜔𝑏𝑓)𝑀3𝜉3𝑎), 

where 𝑀1 = 𝑚13 + 𝑚2∗; 𝑀2 = 𝑚2∗ + 𝑚𝑣;  𝑀3 = 𝑚2∗ − 𝑚𝑣;  𝑀4 = 𝑚2∗ +

𝑚4∗;  ∆= 𝑀1𝑀4 − 𝑀2𝑀3. 

 In stochastic processes, the variables of the system of equations (6) satisfy the 

Ito equations. Therefore, using the method of stochastic averaging, we write the 

system of equations (6) as the system of Ito equations. To do this, we write the 

system of equations (6) as follows: 

𝑋̇𝑠(𝑡) = 𝑓𝑠(𝑋, 𝑡) + ∑ 𝐺𝑠𝑟(𝑋, 𝑡)𝜉0𝑟(𝑡)

6

𝑟=1

, (𝑠 = 1. , … ,6)            (7) 

where 𝑋1 = 𝜎𝑖, 𝑋2 = 𝜉𝑖 , 𝑋3 = 𝜎3𝑎, 𝑋4 = 𝜉3𝑎 , 𝑋5 = 𝜎4𝑎, 𝑋6 = 𝜉4𝑎, 

𝑓1(𝑋, 𝑡) = 𝑙1𝜎𝑖 + 𝑙2𝜎3𝑎 + 𝑙3𝜉𝑖𝑒−2𝑗𝜔𝑡 + 𝑙4𝜉3𝑎𝑒−2𝑗𝜔𝑡; 

𝑓2(𝑋, 𝑡) = −𝑙1𝜎𝑖𝑒2𝑗𝜔𝑡 − 𝑙2𝜎3𝑎𝑒2𝑗𝜔𝑡 − 𝑙3𝜉𝑖 − 𝑙4𝜉3𝑎; 

𝑓3(𝑋, 𝑡) = 𝑙6𝜎3𝑎 + 𝑙7𝜎4𝑎 + 𝑙8𝜉3𝑎𝑒−2𝑗𝜔𝑡 + 𝑙9𝜉4𝑎𝑒−2𝑗𝜔𝑡 + 𝑙10𝜎𝑖 + 𝑙11𝜉𝑖𝑒−2𝑗𝜔𝑡 ; 

𝑓4(𝑋, 𝑡) = −(𝑙6𝜎3𝑎𝑒2𝑗𝜔𝑡 + 𝑙7𝜎4𝑎𝑒2𝑗𝜔𝑡 + 𝑙8𝜉3𝑎 + 𝑙9𝜉4𝑎 + 𝑙10𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝑙11𝜉𝑖); 

𝑓5(𝑋, 𝑡) = 𝑙13𝜎4𝑎 + 𝑙14𝜉4𝑎𝑒−2𝑗𝜔𝑡 + 𝑙15𝜎3𝑎 + 𝑙16𝜉3𝑎𝑒−2𝑗𝜔𝑡 ; 

𝑓6(𝑋, 𝑡) = −𝑙13𝜎4𝑎𝑒2𝑗𝜔𝑡 − 𝑙14𝜉4𝑎 − 𝑙15𝜎3𝑎𝑒2𝑗𝜔𝑡 − 𝑙16𝜉3𝑎; 

𝑠 ≠ 𝑟, 𝐺𝑠𝑟(𝑋, 𝑡) = 0; 𝐺11(𝑋, 𝑡) = 𝑙5(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡); 

𝐺22(𝑋, 𝑡) = −𝑙5(𝜎𝑖𝑒2𝑗𝜔𝑡 + 𝜉𝑖); 𝐺33(𝑋, 𝑡) = 𝑢𝑖(𝑥1)𝑙12(𝜎𝑖 + 𝜉𝑖𝑒−2𝑗𝜔𝑡); 

𝐺44(𝑋, 𝑡) = −𝑢𝑖(𝑥1)𝑙12(𝜎𝑖𝑒
2𝑗𝜔𝑡 + 𝜉𝑖); 𝐺55(𝑋, 𝑡) = 0, 𝐺66(𝑋, 𝑡) = 0, 𝜉0𝑟(𝑡)

= 𝜉0(𝑡); 

𝑙1 = 𝑙3 =
𝑚𝑖𝜔2 − 𝑐𝑖

2𝑗𝑚𝑖𝜔
; 𝑙2 =

(𝑐1 + 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)

2𝑗𝑚𝑖𝜔
; 𝑙4 =

(𝑐1 − 𝑗𝜔𝑏𝑓)𝑢𝑖(𝑥1)

2𝑗𝑚𝑖𝜔
; 

𝑙5 =
𝜔∗𝑚

2 (𝑢𝑖(0) + 𝑢𝑖(𝐿))

2𝑗𝜔
; 𝑙6 =

Δ𝜔2 − (𝑐1 + 𝑗𝜔𝑏𝑓) (𝑀4 +
Δ𝑢𝑖

2(𝑥1)
𝑚𝑖

)

2𝑗Δ𝜔
; 
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𝑙7 =
(2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀2

2𝑗Δ𝜔
; 𝑙8 =

Δ𝜔2 − (𝑐1 − 𝑗𝜔𝑏𝑓) (𝑀4 +
Δ𝑢𝑖

2(𝑥1)
𝑚𝑖

)

2𝑗Δ𝜔
; 

 𝑙9 =
(2𝑐2 − 𝑗𝜔𝑏𝑠)𝑀2

2𝑗Δ𝜔
; 𝑙10 = 𝑙11 =

𝑢𝑖(𝑥1)𝑐𝑖

2𝑗𝜔𝑚𝑖
; 

𝑙12 = −
𝜔∗𝑚

2 (𝑢𝑖(0) + 𝑢𝑖(𝐿))

2𝑗𝜔
; 𝑙13 =

Δ𝜔2 − (2𝑐2 + 𝑗𝜔𝑏𝑠)𝑀1

2𝑗Δ𝜔
; 

𝑙14 =
Δ𝜔2 − (2𝑐2 − 𝑗𝜔𝑏𝑠)𝑀1

2𝑗Δ𝜔
; 𝑙15 =

(𝑐1 + 𝑗𝜔𝑏𝑓)𝑀3

2𝑗Δ𝜔
; 𝑙16 =

(𝑐1 − 𝑗𝜔𝑏𝑓)𝑀3

2𝑗Δ𝜔
. 

We averaging equations (7) stochastically. 

𝑑𝑋𝑠(𝑡) = 𝑌𝑠(𝑋)𝑑𝑡 + ∑ 𝐻𝑠𝑟(𝑋)𝑑𝜉0𝑟(𝑡)

6

𝑟=1

, (𝑠 = 1. , … ,6)       (8) 

where 

𝑌𝑠 = 𝑀𝑡 {𝑓𝑠(𝑋, 𝑡) + ∑ ∑ ∫ 𝐺𝑙𝑚(𝑋, 𝑡 + 𝜏)
𝜕𝐺𝑠𝑛(𝑋,𝑡)

𝜕𝑋𝑙
𝐸[𝜉0𝑛(𝑡)𝜉0𝑚(𝑡 +

0

−∞
6
𝑚,𝑛=1

6
𝑙=1

𝜏)]𝑑𝜏} ;                                                                                                                                   (9)  

[𝐻𝐻𝑇]𝑠𝑟 = 𝑀𝑡 { ∑ ∫ 𝐺𝑠𝑛(𝑋, 𝑡)𝐺𝑟𝑚(𝑋, 𝑡 + 𝜏)𝐸[𝜉0𝑛(𝑡)𝜉0𝑚(𝑡 + 𝜏)]𝑑𝜏
∞

−∞

6

𝑚,𝑛=1

} ;    (10) 

𝑀𝑡{∙} = lim
𝑛→∞

1

𝑇
∫ {∙}𝑑𝑡

𝑇

0
 is time averaging operator; 𝐸[∙] is mathematical expectation; 

𝜏 is the correlation time. 

If we calculate the mathematical expectations of the variables in equations (8), 

since 𝜉0𝑟(𝑡) = 𝜉0(𝑡) is stationary normal random process, 〈𝑑𝜉0𝑟(𝑡)〉=𝑑〈𝜉0𝑟(𝑡)〉 =

𝑑〈𝜉0(𝑡)〉 = 0 and the result we will have 

𝑑〈𝑋𝑠(𝑡)〉

𝑑𝑡
= 𝑌𝑠(〈𝑋〉).      (𝑠 = 1. , … ,6)                           (11) 

Namely, 

𝑑〈𝜎𝑖〉

𝑑𝑡
= 𝑙1〈𝜎𝑖〉 + 𝑙2〈𝜎3𝑎〉 +

𝜋𝑙12
2

2
(𝑆(0) − 𝑆(2𝜔) − 𝑗𝜓(2𝜔))〈𝜎𝑖〉; 

𝑑〈𝜉𝑖〉

𝑑𝑡
= −𝑙3〈𝜉𝑖〉 − 𝑙4〈𝜉3𝑎〉 +

𝜋𝑙12
2

2
(𝑆(0) − 𝑆(2𝜔) + 𝑗𝜓(2𝜔))〈𝜉𝑖〉; 
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𝑑〈𝜎3𝑎〉

𝑑𝑡
= 𝑙6〈𝜎3𝑎〉 + 𝑙7〈𝜎4𝑎〉 + 𝑙10〈𝜎𝑖〉

−
𝜋𝑢𝑖(𝑥1)𝑙12

2

2
(𝑆(0) − 𝑆(2𝜔) − 𝑗𝜓(2𝜔))〈𝜎𝑖〉; 

(12) 

𝑑〈𝜉3𝑎〉

𝑑𝑡
= −𝑙8〈𝜉3𝑎〉 − 𝑙9〈𝜉4𝑎〉 − 𝑙11〈𝜎𝑖〉 −

𝜋𝑢𝑖(𝑥1)𝑙12
2

2
(𝑆(0) − 𝑆(2𝜔)

+ 𝑗𝜓(2𝜔))〈𝜉𝑖〉; 

𝑑〈𝜎4𝑎〉

𝑑𝑡
= 𝑙13〈𝜎4𝑎〉 + 𝑙15〈𝜎3𝑎〉; 

𝑑〈𝜉4𝑎〉

𝑑𝑡
= −𝑙14〈𝜉4𝑎〉 − 𝑙16〈𝜉3𝑎〉, 

where 𝑆(0), 𝑆(2𝜔), 𝜓(2𝜔) are the spectral densities of stationary normal random 

process 𝜉0(𝑡) defined as follows [18]: 

𝑆(2𝜔) =
1

𝜋
∫ 𝑅(𝜏)𝑐𝑜𝑠𝜔𝜏𝑑𝜏

0

−∞

; 

𝜓(2𝜔)  =
1

𝜋
∫ 𝑅(𝜏)𝑠𝑖𝑛𝜔𝜏𝑑𝜏

0

−∞

; 

𝑅(𝜏) = 𝐸[𝜉0𝑛(𝑡)𝜉0𝑚(𝑡 + 𝜏)] = 〈𝜉0𝑛(𝑡)𝜉0𝑚(𝑡 + 𝜏)〉 is a correlation function. 

We look for the solution of the system of equations (12) as follows: 

𝜎𝑖(𝑡) = 𝜎𝑖0𝑒𝜆𝑡; 𝜉𝑖(𝑡) = 𝜉𝑖0𝑒𝜆𝑡; 

𝜎3𝑎(𝑡) = 𝜎3∗𝑒𝜆𝑡; 𝜉3𝑎(𝑡) = 𝜉3∗𝑒𝜆𝑡;                              (13) 

𝜎4𝑎(𝑡) = 𝜎4∗𝑒𝜆𝑡; 𝜉4𝑎(𝑡) = 𝜉4∗𝑒𝜆𝑡, 

We put the solutions (13) in the system of equations (12) and the determinant 

view of the characteristic equation of the system can be formed as follows, provided 

that we have a non-zero solution: 

|
𝑏11 − 𝜆 ⋯ 𝑏16

⋮ ⋱ ⋮
𝑏61 ⋯ 𝑏66 − 𝜆

| = 0,                                      (14) 

where  

𝑏11 = 𝑙1 +
𝜋𝑙12

2

2
(𝑆(0) − 𝑆(2𝜔) − 𝑗𝜓(2𝜔)); 𝑏12 = 0; 
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𝑏13 = 𝑙2; 𝑏14 = 𝑏15 = 𝑏16 = 0; 

𝑏21 = 0; 𝑏22 = −𝑙3 +
𝜋𝑙12

2

2
(𝑆(0) − 𝑆(2𝜔) + 𝑗𝜓(2𝜔)); 

𝑏23 = 0; 𝑏24 = −𝑙4; 𝑏25 = 𝑏26 = 0; 

𝑏31 = 𝑙10 −
𝜋𝑢𝑖(𝑥1)𝑙12

2

2
(𝑆(0) − 𝑆(2𝜔) − 𝑗𝜓(2𝜔)); 

𝑏32 = 0; 𝑏33 = 𝑙6; 𝑏34 = 0; 𝑏35 = 𝑙7; 𝑏36 = 0; 

𝑏41 = 0; 𝑏42 = −𝑙11 −
𝜋𝑢𝑖(𝑥1)𝑙12

2

2
(𝑆(0) − 𝑆(2𝜔) + 𝑗𝜓(2𝜔)); 

𝑏43 = 0; 𝑏44 = −𝑙8; 𝑏45 = 0; 𝑏46 = −𝑙9; 

𝑏51 = 𝑏52 = 0; 𝑏53 = 𝑙15; 𝑏54 = 0; 𝑏55 = 𝑙13; 𝑏56 = 0; 

𝑏61 = 𝑏62 = 𝑏63 = 0; 𝑏64 = −𝑙16; 𝑏65 = 0; 𝑏66 = −𝑙14. 

We find the value of this determinant by zeroing all the elements on one side 

of the determinant (14) diagonal. As a result, its value is equal to the product of the 

diagonal elements, resulting in the following two characteristic equations: 

𝜆3 + 𝑦𝑖𝜆2 + 𝑛𝑖𝜆 + 𝑘𝑖 = 0, (𝑖 = 1,2).                           (15) 

where 𝑦1 = −(𝑏11 + 𝑏33 + 𝑏55); 𝑛1 = −(𝑏35𝑏53 + 𝑏13𝑏31 − 𝑏11𝑏33 − 𝑏11𝑏55 −

𝑏33𝑏55); 𝑘1 = −(𝑏11𝑏33𝑏55 − 𝑏55𝑏31𝑏13 − 𝑏35𝑏53𝑏11); 𝑦2 = −(𝑏22 + 𝑏44 +

𝑏66); 𝑛2 = 𝑏22𝑏44 − 𝑏42𝑏24 + 𝑏66𝑏22 + 𝑏66𝑏44 − 𝑏46𝑏64;  𝑘2 = −(𝑏22𝑏44𝑏66 −

𝑏66𝑏42𝑏24 − 𝑏46𝑏64𝑏52). 

The obtained characteristic equations allow to explore the stability and 

dynamics of the system under consideration. 

Results and discussion. Characteristic equations are cubic equations. We identify 

their roots. As a result, the roots of the characteristic equations (15) are as follows: 

𝜆1 = −
𝑦1

3
+ 𝐴1∗ + 𝐵1∗; 

𝜆2,3 = −
𝑦1

3
−

𝐴1∗ + 𝐵1∗

2
± √−

3(𝐴1∗ − 𝐵1∗)

2
; 

𝜆4 = −
𝑦2

3
+ 𝐴2∗ + 𝐵2∗;                                            (16) 
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𝜆5,6 = −
𝑦2

3
−

𝐴2∗ + 𝐵2∗

2
± √−

3(𝐴2∗ − 𝐵2∗)

2
; 

𝐴1∗ = (−
𝑝1

2
+ (

𝑝1
2

4
+

𝑝∗
3

27
))1/3; 𝐵1∗ = (−

𝑝1

2
− (

𝑝1
2

4
+

𝑝∗
3

27
))1/3; 

𝑝1 =
2𝑦1

3 − 9𝑦1𝑛1 + 27𝑘1

27
; 𝑝∗ =

3𝑛1 − 𝑦1
2

3
; 

𝐴2∗ = (−
𝑝2

2
+ (

𝑝2
2

4
+

𝑝∗∗
3

27
))1/3; 𝐵2∗ = (−

𝑝2

2
− (

𝑝2
2

4
+

𝑝∗∗
3

27
))1/3; 

𝑝2 =
2𝑦2

3 − 9𝑦2𝑛2 + 27𝑘2

27
; 𝑝∗∗ =

3𝑛2 − 𝑦2
2

3
. 

We distinguish between real and abstract parts of the roots of the characteristic 

equation. Initially, for this, the functions 𝑝1, 𝑝∗, 𝑝2, 𝑝∗∗ can be expressed in complex 

form. 

𝑝1 = 2(𝑅1 + 𝑗𝐿1); 𝑝∗ = 3(𝑅2 + 𝑗𝐿2); 𝑝2 = 2(𝑅3 + 𝑗𝐿3); 𝑝∗∗ = 3(𝑅4 + 𝑗𝐿4). 

 According to that  

𝐴1∗ = (−3𝐿2
2𝑅2 + 𝑅2

3 − 𝐿1
2 + 𝑅1

2 − 𝑅1 + 𝐽(3𝑅2
2𝐿2 − 𝐿2

3 + 2𝐿1𝑅1 − 𝐿1))
1
3; 

𝐵1∗ = (3𝐿2
2𝑅2 − 𝑅2

3 + 𝐿1
2 − 𝑅1

2 − 𝑅1 + 𝐽(−3𝑅2
2𝐿2 + 𝐿2

3 − 2𝐿1𝑅1 − 𝐿1))
1
3; 

𝐴2∗ = (−3𝐿4
2𝑅4 + 𝑅4

3 − 𝐿3
2 + 𝑅3

2 − 𝑅3 + 𝐽(3𝑅4
2𝐿4 − 𝐿4

3 + 2𝐿3𝑅3 − 𝐿3))
1
3; 

𝐵2∗ = (3𝐿4
2𝑅4 − 𝑅4

3 + 𝐿3
2 − 𝑅3

2 − 𝑅3 + 𝐽(−3𝑅4
2𝐿4 + 𝐿4

3 − 2𝐿3𝑅3 − 𝐿3))
1
3. 

We determine the roots of the resulting complex expressions using the De 

Moivre’s formula. 

𝐴1∗ = ((−3𝐿2
2𝑅2 + 𝑅2

3 − 𝐿1
2 + 𝑅1

2 − 𝑅1)2

+ (3𝑅2
2𝐿2 − 𝐿2

3 + 2𝐿1𝑅1 − 𝐿1)2)
1
6(𝑐𝑜𝑠

𝜑1

3
+ 𝑗𝑠𝑖𝑛

𝜑1

3
); 

𝐵1∗ = ((3𝐿2
2𝑅2 − 𝑅2

3 + 𝐿1
2 − 𝑅1

2 − 𝑅1)2

+ (−3𝑅2
2𝐿2 + 𝐿2

3 − 2𝐿1𝑅1 − 𝐿1)2)
1
6(𝑐𝑜𝑠

𝜑2

3
+ 𝑗𝑠𝑖𝑛

𝜑2

3
); 
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𝐴2∗ = ((−3𝐿4
2𝑅4 + 𝑅4

3 − 𝐿3
2 + 𝑅3

2 − 𝑅3)2

+ (3𝑅4
2𝐿4 − 𝐿4

3 + 2𝐿3𝑅3 − 𝐿3)2)
1
6(𝑐𝑜𝑠

𝜑3

3
+ 𝑗𝑠𝑖𝑛

𝜑3

3
); 

𝐵2∗ = ((3𝐿4
2𝑅4 − 𝑅4

3 + 𝐿3
2 − 𝑅3

2 − 𝑅3)2

+ (−3𝑅4
2𝐿4 + 𝐿4

3 − 2𝐿3𝑅3 − 𝐿3)2)
1
6 (𝑐𝑜𝑠

𝜑4

3
+ 𝑗𝑠𝑖𝑛

𝜑4

3
), 

where 

𝑐𝑜𝑠𝜑1 =
−3𝐿2

2𝑅2 + 𝑅2
3 − 𝐿1

2 + 𝑅1
2 − 𝑅1

((−3𝐿2
2𝑅2 + 𝑅2

3 − 𝐿1
2 + 𝑅1

2 − 𝑅1)2 + (3𝑅2
2𝐿2 − 𝐿2

3 + 2𝐿1𝑅1 − 𝐿1)2)
1
2

; 

𝑠𝑖𝑛𝜑1 =
3𝑅2

2𝐿2 − 𝐿2
3 + 2𝐿1𝑅1 − 𝐿1

((−3𝐿2
2 𝑅2 + 𝑅2

3 − 𝐿1
2 + 𝑅1

2 − 𝑅1)2 + (3𝑅2
2𝐿2 − 𝐿2

3 + 2𝐿1𝑅1 − 𝐿1)2)
1
2

; 

𝑐𝑜𝑠𝜑2 =
3𝐿2

2𝑅2 − 𝑅2
3 + 𝐿1

2 − 𝑅1
2 − 𝑅1

((3𝐿2
2𝑅2 − 𝑅2

3 + 𝐿1
2 − 𝑅1

2 − 𝑅1)2 + (−3𝑅2
2𝐿2 + 𝐿2

3 − 2𝐿1𝑅1 − 𝐿1)2)
1
2

; 

𝑠𝑖𝑛𝜑2 =
−3𝑅2

2𝐿2 + 𝐿2
3 − 2𝐿1𝑅1 − 𝐿1

((3𝐿2
2𝑅2 − 𝑅2

3 + 𝐿1
2 − 𝑅1

2 − 𝑅1)2 + (−3𝑅2
2𝐿2 + 𝐿2

3 − 2𝐿1𝑅1 − 𝐿1)2)
1
2

; 

𝑐𝑜𝑠𝜑3 =
−3𝐿4

2𝑅4 + 𝑅4
3 − 𝐿3

2 + 𝑅3
2 − 𝑅3

((−3𝐿4
2𝑅4 + 𝑅4

3 − 𝐿3
2 + 𝑅3

2 − 𝑅3)2 + (3𝑅4
2𝐿4 − 𝐿4

3 + 2𝐿3𝑅3 − 𝐿3)2)
1
2

; 

𝑠𝑖𝑛𝜑3 =
3𝑅4

2𝐿4 − 𝐿4
3 + 2𝐿3𝑅3 − 𝐿3

((−3𝐿4
2𝑅4 + 𝑅4

3 − 𝐿3
2 + 𝑅3

2 − 𝑅3)2 + (3𝑅4
2𝐿4 − 𝐿4

3 + 2𝐿3𝑅3 − 𝐿3)2)
1
2

; 

𝑐𝑜𝑠𝜑4 =
3𝐿4

2𝑅4 − 𝑅4
3 + 𝐿3

2 − 𝑅3
2 − 𝑅3

((3𝐿4
2𝑅4 − 𝑅4

3 + 𝐿3
2 − 𝑅3

2 − 𝑅3)2 + (−3𝑅4
2𝐿4 + 𝐿4

3 − 2𝐿3𝑅3 − 𝐿3)2)
1
2

; 

𝑠𝑖𝑛𝜑4 =
−3𝑅4

2𝐿4 + 𝐿4
3 − 2𝐿3𝑅3 − 𝐿3

((3𝐿4
2𝑅4 − 𝑅4

3 + 𝐿3
2 − 𝑅3

2 − 𝑅3)2 + (−3𝑅4
2𝐿4 + 𝐿4

3 − 2𝐿3𝑅3 − 𝐿3)2)
1
2

. 

In that case 

𝐴1∗ + 𝐵1∗ = 𝐴10𝑐𝑜𝑠
𝜑1

3
+ 𝐵10𝑐𝑜𝑠

𝜑2

3
+ 𝑗 (𝐴10𝑠𝑖𝑛

𝜑1

3
+ 𝐵10𝑠𝑖𝑛

𝜑2

3
) ; 

𝐴2∗ + 𝐵2∗ = 𝐴20𝑐𝑜𝑠
𝜑3

3
+ 𝐵20𝑐𝑜𝑠

𝜑4

3
+ 𝑗 (𝐴20𝑠𝑖𝑛

𝜑3

3
+ 𝐵20𝑠𝑖𝑛

𝜑4

3
) ; 

(17) 
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√
−3(𝐴1∗ − 𝐵1∗)

2
= √

−3(𝐴10𝑐𝑜𝑠
𝜑1

3 − 𝐵10𝑐𝑜𝑠
𝜑2

3 + 𝑗 (𝐴10𝑠𝑖𝑛
𝜑1

3 − 𝐵10𝑠𝑖𝑛
𝜑2

3 ))

2

= 𝐶10(𝐽𝑐𝑜𝑠
𝜑5

2
− 𝑠𝑖𝑛

𝜑5

2
); 

√
−3(𝐴2∗ − 𝐵2∗)

2
= √

3(𝐴20𝑐𝑜𝑠
𝜑3

3 − 𝐵20𝑐𝑜𝑠
𝜑4

3 + 𝑗 (𝐴20𝑠𝑖𝑛
𝜑3

3 − 𝐵20𝑠𝑖𝑛
𝜑4

3 ))

−2

= 𝐶20(𝐽𝑐𝑜𝑠
𝜑6

2
− 𝑠𝑖𝑛

𝜑6

2
); 

𝑐𝑜𝑠𝜑5 =
𝐴10𝑐𝑜𝑠

𝜑1

3
− 𝐵10𝑐𝑜𝑠

𝜑2

3

(𝐴10
2 + 𝐵10

2 − 2𝐴10𝐵10 cos
(𝜑1 − 𝜑2)

3 )

1
2

; 

𝑠𝑖𝑛𝜑5 =
𝐴10𝑠𝑖𝑛

𝜑1
3 − 𝐵10𝑠𝑖𝑛

𝜑2
3

(𝐴10
2 + 𝐵10

2 − 2𝐴10𝐵10 cos
(𝜑1 − 𝜑2)

3 )

1
2

; 

𝑐𝑜𝑠𝜑6 =
𝐴20𝑐𝑜𝑠

𝜑3
3 − 𝐵20𝑐𝑜𝑠

𝜑4
3

(𝐴20
2 + 𝐵20

2 − 2𝐴20𝐵20 cos
(𝜑3 − 𝜑4)

3 )

1
2

; 

𝑠𝑖𝑛𝜑6 =
𝐴20𝑠𝑖𝑛

𝜑3
3 − 𝐵20𝑠𝑖𝑛

𝜑4
3

(𝐴20
2 + 𝐵20

2 − 2𝐴20𝐵20 cos
(𝜑3 − 𝜑4)

3 )

1
2

; 

𝐴10 = ((−3𝐿2
2𝑅2 + 𝑅2

3 − 𝐿1
2 + 𝑅1

2 − 𝑅1)2 + (3𝑅2
2𝐿2 − 𝐿2

3 + 2𝐿1𝑅1 − 𝐿1)2)
1
6; 

𝐵10 = ((3𝐿2
2 𝑅2 − 𝑅2

3 + 𝐿1
2 − 𝑅1

2 − 𝑅1)2 + (−3𝑅2
2𝐿2 + 𝐿2

3 − 2𝐿1𝑅1 − 𝐿1)2)
1
6; 

𝐴20 = ((−3𝐿4
2𝑅4 + 𝑅4

3 − 𝐿3
2 + 𝑅3

2 − 𝑅3)2 + (3𝑅4
2𝐿4 − 𝐿4

3 + 2𝐿3𝑅3 − 𝐿3)2)
1
6; 

𝐵20 = ((3𝐿4
2𝑅4 − 𝑅4

3 + 𝐿3
2 − 𝑅3

2 − 𝑅3)2 + (−3𝑅4
2𝐿4 + 𝐿4

3 − 2𝐿3𝑅3 − 𝐿3)2)
1
6. 

𝐶10 = √
3

2
(𝐴10

2 + 𝐵10
2 − 2𝐴10𝐵10 cos

(𝜑1 − 𝜑2)

3
)

1
4

; 



  

International Journal of Research 

(IJR) 

p-ISSN: 2348-6848 

e-ISSN: 2348-795X 

 Vol. 8 Issue 12 

December 2021 

 

Copyright © authors 2021 54 

𝐶20 = √
3

2
(𝐴20

2 + 𝐵20
2 − 2𝐴20𝐵20 cos

(𝜑3 − 𝜑4)

3
)

1
4

. 

We put expressions (17) into expressions of roots (16). 

𝜆1 = −
𝑦1

3
+ 𝐴10𝑐𝑜𝑠

𝜑1

3
+ 𝐵10𝑐𝑜𝑠

𝜑2

3
+ 𝑗 (𝐴10𝑠𝑖𝑛

𝜑1

3
+ 𝐵10𝑠𝑖𝑛

𝜑2

3
) ; 

𝜆2,3 = −
𝑦1

3
−

(𝐴10𝑐𝑜𝑠
𝜑1

3 + 𝐵10𝑐𝑜𝑠
𝜑2

3 + 𝑗 (𝐴10𝑠𝑖𝑛
𝜑1

3 + 𝐵10𝑠𝑖𝑛
𝜑2

3 ))

2

± 𝐶10(𝐽𝑐𝑜𝑠
𝜑5

2
− 𝑠𝑖𝑛

𝜑5

2
); 

𝜆4 = −
𝑦2

3
+ 𝐴20𝑐𝑜𝑠

𝜑3

3
+ 𝐵20𝑐𝑜𝑠

𝜑4

3
+ 𝑗 (𝐴20𝑠𝑖𝑛

𝜑3

3
+ 𝐵20𝑠𝑖𝑛

𝜑4

3
) ;       (18) 

𝜆5,6 = −
𝑦2

3
−

(𝐴20𝑐𝑜𝑠
𝜑3

3 + 𝐵20𝑐𝑜𝑠
𝜑4

3 + 𝑗 (𝐴20𝑠𝑖𝑛
𝜑3

3 + 𝐵20𝑠𝑖𝑛
𝜑4

3 ))

2

± 𝐶20 (𝐽𝑐𝑜𝑠
𝜑6

2
− 𝑠𝑖𝑛

𝜑6

2
). 

Taking into account the values of 𝑦1 and 𝑦2, the stability conditions of the 

system under consideration on the basis of the characteristic equation (18) are as 

follows: 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

)

Δ
−

𝑏𝑠𝑀1

Δ
) + 𝐴10𝑐𝑜𝑠

𝜑1

3

+ 𝐵10𝑐𝑜𝑠
𝜑2

3
< 0; 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

)

Δ
−

𝑏𝑠𝑀1

Δ
)

−
(𝐴10𝑐𝑜𝑠

𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3 )

2
± 𝐶10(−𝑠𝑖𝑛

𝜑5

2
) < 0; 

(19) 
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1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

)

Δ
−

𝑏𝑠𝑀1

Δ
) + 𝐴20𝑐𝑜𝑠

𝜑3

3

+ 𝐵10𝑐𝑜𝑠
𝜑4

3
< 0; 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

)

Δ
−

𝑏𝑠𝑀1

Δ
)

−
(𝐴20𝑐𝑜𝑠

𝜑3
3 + 𝐵20𝑐𝑜𝑠

𝜑4
3 )

2
± 𝐶20(−𝑠𝑖𝑛

𝜑6

2
) < 0. 

The following two inequalities can be written where the conditions of stability 

(19) are reasonable: 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴10𝑐𝑜𝑠

𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3

2
< −𝐶10 |𝑠𝑖𝑛

𝜑5

2
| ; 

(20) 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴20𝑐𝑜𝑠

𝜑3
3 + 𝐵20𝑐𝑜𝑠

𝜑4
3

2
< −𝐶20 |𝑠𝑖𝑛

𝜑6

2
|. 

The conditions obtained (20) are the stability condition of rod with an elastic 

dissipative characteristic of the hysteresis type, which is protected from vibrations 

under the influence of random parametric excitations. 

Suppose 

𝐴20𝑐𝑜𝑠
𝜑3
3 + 𝐵20𝑐𝑜𝑠

𝜑4
3

2
− 𝐶20 |𝑠𝑖𝑛

𝜑6

2
| >

𝐴10𝑐𝑜𝑠
𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3

2
− 𝐶10 |𝑠𝑖𝑛

𝜑5

2
|, 
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let the attitude be reasonable. In this case, the first condition of the system of 

inequalities (20) represents the stability condition for the system under 

consideration. 

The condition of instability for this case is as follows: 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴10𝑐𝑜𝑠

𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3

2
> −𝐶10 |𝑠𝑖𝑛

𝜑5

2
|.                                      (21) 

If  

𝐴20𝑐𝑜𝑠
𝜑3
3 + 𝐵20𝑐𝑜𝑠

𝜑4
3

2
− 𝐶20 |𝑠𝑖𝑛

𝜑6

2
| <

𝐴10𝑐𝑜𝑠
𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3

2
− 𝐶10 |𝑠𝑖𝑛

𝜑5

2
|, 

the condition is reasonable, the second condition of the system of inequalities (20) 

represents the stability condition for the system under consideration. In this case, the 

condition of instability is as follows: 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴20𝑐𝑜𝑠

𝜑3
3 + 𝐵20𝑐𝑜𝑠

𝜑4
3

2
> −𝐶20 |𝑠𝑖𝑛

𝜑6

2
|.                                  (22) 

The function 𝑐1𝑖 represents the vertical deviation of the amplitude-frequency 

characteristic, and the function 𝑐2𝑖 represents the energy dissipation in the rod 

material [17]. In inequalities (21) and (22), when the argument 〈𝜁𝑖𝑎〉 of the functions 

𝑐1𝑖 and 𝑐2𝑖 reaches a value of 〈𝜁𝑖𝑎∗〉, stable vibrations are formed. For these values 

〈𝜁𝑖𝑎∗〉 the following relation is appropriate: 
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1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴10𝑐𝑜𝑠

𝜑1
3 + 𝐵10𝑐𝑜𝑠

𝜑2
3

2
= −𝐶10 |𝑠𝑖𝑛

𝜑5

2
|.                                   (23) 

1

6
(

𝑐2𝑖

𝑚𝑖𝜔
+ 𝜋𝑙12

2 (𝑆(0) − 𝑆(2𝜔)) −
𝑏𝑓 (𝑀4 +

Δ𝑢𝑖
2(𝑥1)
𝑚𝑖

) + 𝑏𝑠𝑀1

Δ
)

−
𝐴20𝑐𝑜𝑠

𝜑3

3
+ 𝐵20𝑐𝑜𝑠

𝜑4

3
2

= −𝐶20 |𝑠𝑖𝑛
𝜑6

2
|.                                  (24) 

Equations (23) and (24) allow us to determine the mean quadratic values of 

rod vibrations with elastic dissipative characteristics of the hysteresis type, protected 

from vibrations under the influence of random parametric excitations, and to fully 

analyze the dynamic nature. 

 

 

Conclusion.  

The stability conditions of rod vibrations with elastic dissipative characteristics of 

the hysteresis type, protected from vibrations under the influence of random 

parametric excitations, were determined depending on the system parameters. 

Stability borders were expressed analytically, which showed that they allow to 

determine the average quadratic values and check the dynamics of rod vibrations 

with elastic dissipative characteristics of the hysteresis type, protected from 

vibrations. 
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